
M155 Exam 2 Concept Review

Mark Blumstein

• DERIVATIVES

– Product Rule

Used to take the derivative of a product of two functions u and v.

u′v + uv′

– Quotient Rule

Used to take a derivative of the quotient of two functions u/v

u′v − uv′

v2

– Chain Rule

Used to take a derivative of the composition of two functions f (g(x)).

g′(x) · f ′ (g(x))

i.e. derivative of the inside function times derivative of the outside

– Since you have these derivative rules, you can take the derivative of any combination of the sum,
difference, product, quotient, or composition of two functions.

Example 0.0.1. Compute the derivatives of the functions

f(x) = sin(x) · (x2 + 4x)

g(x) = sin(x2 + 4x).

Both functions are a combination of the sine function and the function x2 + 4x, but f(x) is a
product of the two functions, and g(x) is a composition of the two functions (the function x2 + 4x
is “inside” of the sine function.) Therefore use the product rule on f(x) and the chain rule on
g(x).

You should get that

f ′(x) = cos(x)(x2 + 4x) + sin(x)(2x + 4)

g′(x) = (2x + 4) cos(x2 + 4x)

Example 0.0.2. Compute the derivative of f(x) = sin(3x+ 4) · (2x+ 5)6. The first thing you see
is the product of two functions: sin(3x + 4) is multiplied by (2x + 5)6, so use the product rule!

u = sin(3x + 4) Composition use Chain Rule u′ = 3 · cos(3x + 4)
v = (2x + 5)6 Composition use Chain Rule v′ = 2 · 6(2x + 5)5

Therefore,
f ′(x) = 3 cos(3x + 4) · (2x + 5)6 + sin(3x + 4) · 12(2x + 5)5.
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– Don’t forget, the whole point of computing a derivative is to determine the rate of change (velocity)
of some function! I like to draw the picture

f(x) positionyderiv

f ′(x) velocityyderiv

f ′′(x) acceleration

The following very simple observation allows us to solve optimization problems, and use the first
and second derivative tests (covered below):

Remark . As a function increases, its derivative is positive. As a function decreases, its derivative
is negative.

Example 0.0.3. I like the simple example of throwing a ball in the air. On its way up, as its
position f(x) is increasing, its velocity f ′(x) is positive. Meanwhile, gravity is causing it to slow
(the velocities are still positive, since the ball is moving up, but they are getting closer and closer
to zero) eventually it reaches its maximum height, at which point the ball stops moving just for
an instant so f ′(x) = 0. Then it begins to fall, so its position f(x) is decreasing, and its velocity
f ′(x) is negative.

Definition 0.0.4. A critical point of a function f(x) is where f ′(x) = 0, or f ′(x) is undefined.
Intuitively, when f ′(x) = 0, the system has stopped moving. Think about the ball example above,
when the ball reached its maximum height it stopped moving, in other words, it reached a critical
point. For this reason, we will often be able to find maximums (or minimums) at critical points.

Definition 0.0.5. An inflection point of a function f(x) is where f ′′(x) = 0, and the concavity
of the function changes.

• OPTIMIZATION

– For most of the examples, finding a max or a min is as easy as graphing the function and just
looking where it is biggest and where it is smallest.

– In any question that asks you to find a max or a min, you will generally need to do the following
three things:

1. Find the critical points.

2. Test each critical point to see if it is a local max, local min, or neither. This requires using
either the first or second derivative test.

3. Check to see if there is a max or min at the endpoints.

– If a problem asks for the absolute maximum or absolute minimum, just check the values of the
critical points and endpoints. For example, suppose there are critical points at (2, 49) and (5,−20),
and the endpoints are (−2, 500) and (10, 10). Clearly the biggest number on the board is (−2, 500)
so that is the absolute max, and the smallest number is (5,−20) so that is the absolute min. As
always, graphing f(x) and just seeing what is biggest and smallest is an easy way to check your
answer.

– Suppose I hand you a critical point at x = c where f ′(c) = 0. You want to know, is that critical
point a maximum (like the ball example), a minimum, or neither a max nor a min. Use one of the
following two tests. To get the ideas behind the tests, just draw the little pictures of what a max
and min look like, and use the idea that as a function increases (resp. decreases) its derivative is
positive (resp. negative).
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The First Derivative Test: Start by computing the first derivative!

1. If f ′(x) goes from positive to negative, then f(x) goes from increasing to decreasing, so there
is a local max at the critical point.

2. If f ′(x) goes from negative to positive, then f(x) goes from decreasing to increasing, so there
is a local min at the critical point.

3. If f ′(x) goes from positive to positive, or negative to negative, then there is neither a max
nor a min at the critical point.

The Second Derivative Test: Start by computing the second derivative! The idea here is that a
positive second derivative corresponds to a concave up (like a cup) graph, and there is a min.
Why? As velocity increases, acceleration is positive.

Similarly, a negative second derivative corresponds to concave down (like a frown), so there is a
max.

1. If f ′′(x) > 0, then concave up, then there is a local min at the critical point.

2. If f ′′(x) < 0, then concave down, and there is a local max at the critical point.

3. If f ′′(x) = 0, the test fails. In this case, try the first derivative test. This also might be an
inflection point.

– Applied optimization problems: A couple problems from section 3.3 in the textbook. The fish
harvest problem from Homework 8. In the same section, there is a problem about bee pollination.
At the end of the day, both of these problems might seem very involved, but all you are required
to do is write down a function and maximize it. Find critical points, test using first or second
deriv test, and check the endpoints. That’s it!

• STABILITY TEST

Switch gears to discrete time dynamical systems. Suppose xt+1 = f(xt) is an updating function mod-
eling how some quantity x changes from one time to the next (let’s say day to day). An equilibrium
point x∗ occurs when the amount stops changing from day to day, so in symbols x∗ = f(x∗).

Question: When is an equilibrium point stable?

Answer: If the updating function changes quickly at the equilibrium point, the system is not stable -
there’s too much day to day change for it to be stable. On the other hand, if the updating function
is hardly changing at all, then the system is settling down towards stability. Now we just put this
intuition into math symbols, and we get the stability test.

1. Slow case: If −1 < f ′(x∗) < 1, then x∗ is a stable equilibrium point. Why? f ′(x∗) is the rate
of change, and it’s between −1 and 1, these are small velocities.

2. Fast case: If f ′(x∗) > 1 or f ′(x∗) < −1, then x∗ is unstable. Why? Here the rate of change
is large, lots of change, not stable.

3



3. Inconclusive case: If f ′(x∗) = 1 or f ′(x∗) = −1, then we don’t know if the equilibrium is stable
or unstable. If this happens, you could try cobwebbing to see the long term behavior.

There are usually two types of questions you see for the stability test: one with parameters and one
without. For example, if you get that f ′(x∗) = −20, you know right away that x∗ is unstable because
the velocity is too fast. It’s that easy, no inequalities or anything!

On the other hand, for a problem with parameters, you might get that f ′(x∗) = 1
1−r . Now say the

question asks when x∗ is stable. Now you set up the inequality −1 < 1
1−r < 1 and solve for r.

Remember, that when you take a reciprocal everything flips (including the inequality signs). In this
case

−1 <
1

1− r
< 1

−1 >
1− r

1
> 1

−1− 1 > −r > 1− 1

−2 > −r > 0

2 < r < 0

• Leading Behavior/L’Hospital’s Rule

– For leading behavior, the key is to identify which term has the fastest rate of change (incidentally,
that’s why this topic is in a section about derivatives).

– In order from slowest to fastest: ln(x), x±n, e±x, e±x
2

. Observe that a negative in the exponent
does not affect the rate of change of the function. For example, just as x3 is faster than x2, it’s
also true that x−3 is faster than x−2.

– There are two types of problems you are usually asked: (1) Identify the “dominant term”. (2)
Compute a limit.

– The first step to either of those problems is to put arrows over every term so it’s easier to pick out
what is dominant. For example, a term approaching ∞ will always dominate a term approaching
0.

– Tip: When x→ 0, start by seeing if you can just plug in 0. One common mistake is to say that
ex approaches 0 or ∞, but just plug in 0! You get that e0 = 1.

– When comparing the limiting behavior of a fraction of two functions you may end up with one of
the following four cases:

1.
0

0
If the top is faster, the answer is 0 since 0 divided
by whatever is 0. If the bottom is faster, then since
dividing by small gives big, the answer is infinity.

2. ∞
∞

If the top is faster, the answer is∞. If the bottom is
faster then the answer is 0, since dividing whatever
by a large number is small.

3.
0

∞
In this case you don’t really need to compare the top
to the bottom, the answer is 0. Why? The top says
0, since 0 over anything is 0, but the bottom agrees
with the top, since dividing by a large number is
small.
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4. ∞
0

Again, you don’t really need to compare the top to
the bottom, the answer is ∞. Why? The top says
∞, and the bottom says dividing by a small number
is big, so the bottom also says ∞.

5. ∞
0

Again, you don’t really need to compare the top to
the bottom, the answer is ∞. Why? The top says
∞, and the bottom says divide by a small number
which is big, so the bottom also says ∞.

Example 0.0.6. lim
x→∞

e−x

x−2
= 0

The top and bottom both approach 0, like case 1 above. Now ask the golden question, which one is
faster? The exponential function is faster than a power function, so the top wins, and the answer is 0.

Example 0.0.7. lim
x→0

x−3

x−7
= 0

The top and bottom approach ∞ like case 2 above. Now ask the golden question, which is faster? Since

x−7 is faster than x−3, the bottom wins and the answer is 0. You could also rewrite x−3

x−7 = x4, which
goes to 0.

Example 0.0.8. Compute

lim
x→0

x−3 + 4ex + x2

x2 + ex
.

The terms on top approach ∞, 4, and 0. So clearly x−3 is dominant. On bottom the terms approach
0 and 1. So the bottom approaches 0 + 1 = 1! Then,

lim
x→0

x−3 + 4ex + x2

x2 + ex
= lim

x→0

x−3

ex

=
∞
1

=∞

L’Hospitals Rule: This only applies to functions of the form 0
0 or ±∞±∞ . This rule says that all you

need to do is compute the derivative of the top and bottom of a fraction, and then compute the limit.
This should make sense, because the whole idea of this section is to compare which function is faster,
and the derivative is exactly the rate of change of any function.

Example 0.0.9.

lim
x→0

x2 + x

5 sin(x)
(has form 0/0, so ok to use LH)

= lim
x→0

2x + 1

5 cos(x)
(First rule of limits, just plug in!)

=
2(0) + 1

5 cos(0)

=
1
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• OTHER

– d
dx (2x) = ln(2)2x You can memorize that as a fact, or understand that to compute it, all I did

was rewrite 2x = eln(2)x, and since I know the derivative of the exponential function is itself, I
can apply the chain rule.
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– To compute the derivative of 5
(x+3)2 , you could use the quotient rule, but it might be easier to

rewrite it as 5 · (x + 3)−2. Since 5 is a constant multiplier it just sits out front and the answer is
5 · (−2(x + 3)−3) = −10(x + 3)−3.

– Derivatives of trig functions. You might be asked to compute the derivative of say csc(x). To do
so, start with the definition, csc(x) = 1

sin(x) . Now you can use the quotient rule (or alternatively

rewrite 1
sin(x) = (sin(x))−1 and use the chain rule). Doesn’t matter which way.

Here is a little table of the trig functions and their derivatives. You can compute them all just
like I explained or you can just memorize. It’s not too hard to memorize since there is a lot of
parity: look at the derivatives of sin(x) and cos(x), see how it’s very much like the derivative of
sec(x) and csc(x), or tan(x) and cot(x).

f(x) f ′(x)
sin(x) cos(x)
cos(x) − sin(x)
tan(x) sec2(x)
cot(x) − csc2(x)
sec(x) sec(x) tan(x)
csc(x) −csc(x) cot(x)

– Sometimes a question will ask you to find the regions where f(x) increases and decreases. Re-
member f ′(x) is positive when f(x) increases and f ′(x) is negative when f(x) decreases. So to
find the x-values for which f is increasing/decreasing, you need to find where f ′ is positive and
negative. So start by finding where f ′(x) = 0, as this will split up the positive and negative
regions.

For example, if f ′(x) = x + 2, then f ′(x) = 0 when x = −2. Now check to the left of −2, plug in
say x = −3. f ′(−3) = −1 which is negative, so for values to the left of x = −2, f(x) is decreasing.
Now check to the right: f ′(−1) = 1 which is positive, so f(x) increases to the right.

Therefore, if x < −2 we have that f(x) decreases, and when x > −2, f(x) increases.

– Just like the last problem, you may be asked to find intervals of concavity. Just start by finding
where f ′′(x) = 0, and test to the left and right. Remember that f ′′(x) > 0 means concave up,
and f ′′(x) < 0 means concave down.
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