
Math 155. Calculus for Biological Scientists Spring, 2018, February 6th-7th
Section 1.9: The Lung Model

Mixture Problems
Example 1 We want to make 300 g of a salt solution containing 6 % salt. We will make it by

pouring together two other salt solutions one containing 8 % salt and the other containing 5% salt.
How many grams of the 5 % solution and how many grams of the 8 % solution should we mix?

Note: 5 % salt solutions means that 5 % of the total weight of the liquid mixture is salt and 95
% of the weight is water.

Example 2 If you mix 10 grams of a 5 % salt solution with 100 grams of a 2 % salt solution
what is the concentration of the resulting solution?
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We will study a simple model of the breathing process that involves the air in our lungs mixing
with the air outside our lungs when we breath.

Example 1
Assumptions for Lung Model

• A lung has volume 3.0 liters when full.

• With each breath, 0.6 l of air is exhaled and replaced by 0.6 l of outside air.

• The outside air contains a certain chemical with concentration 5.0 millimoles per liter
(mmol/l).

• We use ct to denote the concentration of the chemical in the lung measured once a breath
after the inhalation and before the exhalation of air.

• We will assume that the chemical is uniformly distributed in the lung air when the
measurement ct is taken.

• The initial concentration of chemical in the lung is 2.0 millimoles per liter.

• Concentration c is the number of particles N divided by volume V : c = N/V . Put differently,
the number of particles is the concentration times the volume

N = cV.

Determine how the concentration and amount of chemical in the lung changes as the person
breaths using the table below.

Step Volume Total Chemical Concentration
(L) (mmol) (mmol/L)

Air in Lung
Before Breath

Exhaled Air

Air in Lung
After Breath

Inhaled Air

Air in Lung
After Breath

More General Lung Model
The chemical might be present in the lung when the experiment begins (c0 6= 0) and the

concentration might be different from that of the the outside air (c0 6= 5.0). Assume the lung is
the same volume and the exhalation is the same amount.

Given the concentration ct at time t (after t breaths), what is the concentration ct+1 after one
more breath?
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a) How many particles of chemical are in the lung at time t?

b) How many particles of chemical are in the lung after exhalation? (Note: the new lung volume
is 3.0− 0.6 = 2.4 l and the concentration is unchanged).

c) How many particles of chemical enter from the outside during inhalation? (Note: Outside
concentration 5.0 mmol/l times inhaled air volume 0.6 l)

d) How many particles of chemical are in the lung after inhalation?

e) What is the concentration of chemical in the lung after one cycling of exhalation and
inhalation?

f) Write a DTDS that expresses the concentration ct+1 in terms of ct.

g) What will the concentration of the chemical be in the lung after a long time has passed? Use
a table to get a sense of what happens if you start with initial concentration c0 = 10 mmol/L.

h) Find the equilibrium of the DTDS algebraically and compare it to your table in part g).
Interpret your answer in terms of the real world. Is it logical?
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Note: the concentration in the lung tends to the outside concentration no matter what the
initial concentration c0 in the lung is.

Cobwebbing
First let c0 = 10 (higher than the outside concentration).

lung_cob.jpg

Now let c0 = 0 (lower than the outside concentration).

lung_cob.jpg
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Even more general model
Now let us derive a more general model of the lung. Let V denote the volume of the lung when

it is full and let W denote the volume of air exhaled and inhaled at each breath. Also, let the
outside concentration be denoted γ. Fill out the table and use it to write a DTDS.

The general lung DTDS:

Step Volume Total Chemical Concentration
(L) (mmol) (mmol/L)

Air in Lung
Before Breath

Exhaled Air

Air in Lung
After Breath

Inhaled Air

Air in Lung
After Breath

We can simplify the updating function somewhat by rewriting

ct+1 = (ct · (V −W ) + γ ·W )/V =

ct ·
V −W
V

+ γ · W
V

=

ct · (1−
W

V
) + γ · W

V

If we let q denote the fraction of air exchanged:

q =
W

V

then we get
ct+1 = ct(1− q) + γq

Let us find the equilibria in terms of q and γ. That c∗ is an equilibrium means that

c∗ = c∗(1− q) + γq

Subtracting c∗(1− q) from both sides we obtain

c∗ − c∗(1− q) = γq

Let us simplify the left hand side:

c∗ − c∗(1− q) = c∗ − c∗ + c∗q = c∗q

Accordingly, the condition on c∗ is
c∗q = γq

Conclusion: if q = 0 then any point is an equilibrium. But if q 6= 0 then

c∗ = γ
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is the unique equilibrium.
Recall that q is the fraction of air exchanged with each breath. That q = 0 means that no

breathing is going on. Hence we should expect any initial concentration in the lung to remain
unchanged in this case.

In the more interesting case where q 6= 0, we get again that the concentration in the lung tends
towards the outside concentration γ!
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